A classical result due to Cohn states that a self-inversive polynomial has all its zeros on the unit circle if and only if all the zeros of its derivative lie in the closed unit disk. A more flexible necessary and sufficient condition than that of Cohn's was given by Chen. However those results do not give any information on the simplicity of zeros of a self-inversive polynomial. This paper modifies the above results so that they serve as necessary and sufficient conditions for the simplicity as well as the unimodularity of zeros of a self-inversive polynomial.
Introduction
A complex polynomial P (z) = n i=0 a i z i is called a self-inversive polynomial if
for some real θ, where P * (z) = z nP (z −1 ). It is easily seen that all the zeros of a self-inversive polynomial P (z) lie on the unit circle or symmetric to the unit circle in the sense that if z k is a zero of P (z), then so is z −1 k . Then an interesting question is that under what conditions a self-inversive polynomial has all its zeros on the unit circle. Such a question has attracted much attention and many researchers have reported various results in the literature [1] [2] [3] [4] [5] [6] . Among them, the following theorem due to Cohn [1] is classical and well known in the theory of zeros of polynomials.
Theorem A. A self-inversive polynomial P (z) has all its zeros on the unit circle if and only if all the zeros of P (z) lie in the disc |z| ≤ 1.
In order to apply Theorem A to a self-inversive polynomial, it is required to check the zero locations of its derivative, which, in general, is not an easy task. On the other hand Chen [2] generalized Theorem A as follows.
Theorem B.
A self-inversive polynomial P (z) has all its zeros on the unit circle if and only if (i) or (ii) below is satisfied: (i) There exists a polynomial Q(z) with all its zeros in the disc |z| ≤ 1 such that
for some nonnegative integer m and real θ.
(ii) There exists a polynomial Q(z) with all its zeros in the disc |z| ≥ 1 such that
Theorem B is more flexible than Theorem A in several senses. Firstly, Theorem A can be considered as a corollary of Theorem B. Secondly, Theorem B leads to diverse sufficient conditions for the unimodularity of zeros of a self-inversive polynomial [2] , [3] . In particular, as is shown in [3] , some existing results can be easily derived from Theorem B.
In spite of their elegance and flexibility, Theorem A and Theorem B do not give any information on the simplicity of zeros of a self-inversive polynomial. This paper modifies the above theorems so that they serve as necessary and sufficient conditions for the simplicity as well as the unimodularity of zeros of a self-inversive polynomial.
Main results
The key result of this paper is stated in the following theorem.
Theorem 1. All the zeros of a self-inversive polynomial P (z) lie on the unit circle and are simple if and only if (i) or (ii) below is satisfied: (i) There exists a polynomial Q(z) with all its zeros in the disc
(ii) There exists a polynomial Q(z) with all its zeros in the disc |z| > 1 such that
for some nonnegative integer m and real θ. Proof: Assume that all the zeros of P (z) lie on the unit circle and are simple. It is well known that the zeros of P (z) are contained in the convex hull of the zeros of P (z). Hence P (z) has all its zeros in the disk |z| ≤ 1. But P (z 0 ) = 0 if P (z 0 ) = 0 since the zeros of P (z) are simple. Consequently all the zeros of P (z) lie in the disk |z| < 1. Since P (z) is self-inversive, (1) holds for some real θ. Differentiating (1), we have [3] 
which is of the form (4) with m = 1 and Q(z) = P (z)/n. Now suppose that (i) holds. To prove the unimodularity and simplicity of zeros of P (z), we proceed as in [7] . Let
Since Q(z) has all its zeros in the disk |z| < 1, we have
Re{Φ
By (7), P (z) (i.e. D 1 (z) + D 2 (z)) can have its zeros only on the unit circle, and the unimodularity of zeros of P (z) is proved. Now if P (z) has a zero of order k at z =ẑ = |ẑ|e jα , then for all z very close toẑ, we have
with R k = |R k |e jβ , z −ẑ = ρe jγ , where 0 ≤ γ ≤ 2π. The real part of Φ 2 (z) is then given by
which implies that the sign of Re{Φ 2 (z)} changes 2k times as γ varies from 0 to 2π. However, according to (8) , the sign change of Φ 2 (z) occurs two times only at the unit circle as γ varies from 0 to 2π. Then k should be equal to 1, and the simplicity of zeros of P (z) is also proved. Next rewrite (6) as
which is of the form (5) with m = 1 and Q(z) = P * (z)/n. Then the second part can be proved similarly, and the details are omitted.
From Theorem 1 and (6), we obtain the following corollary.
Corollary 2. All the zeros of a self-inversive polynomial lie on the unit circle and are simple if and only if its derivative has zeros only in the disc
As shown in [3] , some existing results on the unimodularity of zeros of a selfinversive polynomial can be easily derived from Theorem B. For the simplicity as well as the the unimodularity of zeros, similar results can be obtained from Theorem 1 as follows.
Corollary 3 [3], [4], [5]. If
or
then all the zeros of P (z) not only lie on the unit circle, but also are simple. Proof: We can proceed as in [3] using the fact that a polynomial B(z) = n i=0 b i z i has all the zeros in the disk |z|
On the other hand, sufficient conditions in [2] also can be strengthened for the simplicity as well as the unimodularity of zeros of a self-recursive polynomial. To this end we need the following lemma.
Lemma 4 [8]. For a polynomial B(z)
then all the zeros of B(z) are contained in the disk |z| < 1 if and only if gcd{S, n + 1} = 1.
( 
If (i) is satisfied, then Q(z) has all its zeros in the disk |z| < 1 by Lemma 4. Similarly all the zeros of Q(z) lie in the disk |z| > 1 if (ii) holds. Then, by Theorem 1, all the zeros of P (z) lie on the unit circle and are simple in both cases. Now suppose (iii) holds. Then
i.e., the coefficient condition (10) is satisfied, and the proof is completed.
For a self-inversive polynomial with even degree, we have the following result. The proof is similar to that of Corollary 5, and is omitted. 
